
Basic Notions : Seifert Van Kampen :

A topological space IX.T ) is a set ✗ & Mapping Cone : Free product of two groups G- ☆ H is the group
a collection TEPCX) such that : cyl(✗f- ✗ ✗I of reduced words of elements in G- 41-1 .

• Closed under finite intersections Gne(✗)= 91K¥ ,
, )~(x;D Group action is concatenation (then reduction) .

• Closed under arbitrary unions for f : ✗
→y This is a coproduct :

• ✗
,
¢ c- I For topological spacesandf) = 44M¥ a- ☆H

fn~tn.co) the coprodult is

1

a 12 !
wedge ✗ V4 = ✗ t%~y◦

✗
t
sy TY ≤ ✗ has subspace top given by Identity base point

Ty -- { vi. ny :ueT×} .

' ↓ ↓ f)¥#
Coriell) scene(f)

Amalgamated product is free group quotient anQuotient space
: Y = xnx

'

⇔ fin> = ten's
f equivalence relation such that

✗
surjective

' Y Ty = { U : f-
'

(a) C- Tx }
✗ ( k)~p(K)

g
,

¥ ! cts -

k# a (as elements of a-☆H )
← Universal property

z

guts ann
'

⇒ gin)=gly )
✗ f ↓ ")f note k=i ⇒ a-☆

* H
= a-☆H

H

Homotopy : ✗ ≈y⇔ If :x→y¢Fg:4→✗
got _~id× & fog ≈idy✗44 top spaces

G- * * H = ( generators of G- &H 1. relations of itf.g :X -4 cats functions .fm?!jIma+?Iiiiatons >≈ #

g- ≈g ⇔ -31-1 : ✗ ✗ [on] -4 The amalgamation relations are given by
H /a. ◦ 5- f- (n) f : *→ ID

" 9°f≈id* clear
a & p above

,
there is one relation forHlx , 1) =gCk) * 1-30

fog :D
"
- ID"

r - o each KEK given by v✗(ks(k)A- ≤ ✗ f- ⇒
H :D

"

✗I→ ID
"

⇔ ,a , , µ , , , µ ,a ,, , , , ,a, ,g?⃝g :#→ *

µ , amy, y a.* µ .

a- *

(v. t )- t -v,.,mµ,g.g≈,q
SVK Theorem : IX.xo) top space

Fundamental Group : • U ,v≤✗ open
• ✗ = UUV

%!let IX. %) a pointed Top space .

• UAV path connected • No C- UAV

:
IT,(×) = ( d-s( [ ◦ii. ✗Y≈{◦ , ,} >

* )
a-

⇒ Ti ( ✗ ilo) ~= Ti ( U.ro) ¥+1T,(uny.co)Ti(V ,
>co)

% no

continuous basepoint preserving maps from I→✗ .¥¥modulo homotopy on the boundary .

* is the group operation
concatenation

8
,
# Pz = { • iczt ) ,

1- c-⑥ , 's ] §
Flat - 1) , c- c- ( É . D u ^

Paths have inverse 8-
'

(f) = 811 - t ) on ✗MY = ✗ ✗

y
• §

A space is simply connected } eg
. contactable .

'

1-
⇔ IT,(✗ , >co )

= 1 . spaces [ ✗ = 5
'

1 ✗

Klein
Mobius

☐and
① Bottle

÷

# HI
Mfunctor : H*lEXipt) ≈ 1-1*-1 IX. pit )

Rpn ± %ea.czIT,

Ñp* > & ≈ cenelpn. . :S
" _'
→ RP
"

)

Pointed spaces Groups IIR
"

I IRP
""

with cts base point
preserving maps

¢ group homomorphisms
IRP
"

is the class of lines through
the origin of IR

" '

,
so we

denote an

(✗ ,>( o) I > Til ✗ I
>Co) element as [n , : - - - i. sent .] (scale invariant)

f- 1- f*
Where f :X-34 ftno)

-
_ yo we get that special case : RP

's

ISOIS)

5013> I MzxsUR) / at -_ I
#it , /✗ neo) > Till ,y◦) 2- Rotations in 1123

[r] I > [for]
≤ IH quaternions : purely imaginary

(f- ◦ g)*
= f# ◦ g.* & id

#
= id

5 > RPEsoiss.n-cosoi-k.no)ñ
quotient
{1--1} j

2 '
- '⑦Toso -sinoñ



Covering Spaces :

Assume all spaces are

•

f- :$→ Y
•

f- ≈{*} id
• Hausdorff

⇒ § also a loop & § ≈*id
the ,ytX 72:[o , 1) → ✗

• Arcwise connected - ✗( o ) -_ × , all )=y

• locally avcwise connected - V-xc-XV-neighbarrhoodsof-KJ-arci.seconnected p* it, IX. Xo)
still,pl%) )

neighbourhood inside .

is ◦ injective ' her /p*)= { ◦ }

• In /p*)= { loops in 4 that lift to }
p :X-4 is a covering loops

in ✗
Maximal avcwise

⇔ V-yc-Y7.NET
,

with

p
- i (a) =¥ay/

"""" "ᵗ .

if f lifts to a

lifting to a loop is a property loop in ✗ then

everything in (f) does
the Va are path components of pint of the class [f) c-Milky .)
& ply is a homeomorphism

4 has nontrivial covering space } proof⇒ T.LY ,y◦)≠\Lifting theorems
↳ IRP

"
• T2 • 51 • Klein

Path Lifting : •

p : ✗→ y cover

KO

{03→ ×
• fi I -34 path

fÉ↓p • No C- ✗
pcno)

= f- 10) WI →Wu If p.lu , )=pz(wz)
I f-4 ⇒ 3!f~ :[→ ✗ ¥ 1Pa 7! g :Wi→Wzy

f- lol -_ no , f- =p -0£ glw , )=Wz &
pig =p ,

↓ ↓
Covering Homotopy: • W locally connected W , simply Chet W , & We

simply Chet
w×Eo}→✗ • P :X -34 cover

⇒
g is covering ⇒ g ,,

homeomorphism↓ -⇒E f. P • § :W✗{ is→ ✗ a lifting of Ftw .ru}W ✗ I ¥4 ⇒ 2 ! É :w✗I→× F=poÉ

If F is a homotopy rel W' CW so is É IT, CIRPZ) by Covering :

Aiternitiuehy : 52 A loop in IRPZ can come

If J-wc-W.f.cwt-f.tw) from either a loop in $2
W
- I#✗ then f. =f.
→ ¥ "

'

or a path from a lo - x .

Iuniqueness of cts map lift)
f- So up to homotopy there are

p x= -a only two different paths .

Corollaries :

Fixing a point makes Y So Ti ( IRPZ ) = { ± / } 1- Zz
• f-◦ &f , paths in 4 nF he lifts whine

'

To make this formal need
•

fo≈{◦ , ,}f ,
• Foto)=f .CO) ?⃝. the theory of universal corers -

⇒ § ≈{

o.is/-i1Rp2T,C1RP
' ) by Svt :Echidna:

Any cts vector field on 82 has a zero
. IRPZ =

Mug , D2 Note we have

Mobius band
-

giuedamg bandy already use homotopy
Invariance of Dimension : here to reduce the open overlapping sets

M
,
N manifolds of dim m & n respectively to simpler eguiviknt sets .

UCM
,
VCN

open (nonempty )
SVK =) IT, IRP

≥

)=t, ( M ) ¥9m
, ,¢ ,

IT.
(D)

If I a homeomorphism U-V then m=h .

= I ☆q 7

¥ ¥, , ⇒ relation 22=1 .

I 72122 -



For a cover
X-P> 4 ; The fiber over a point Thm : p*t,( ✗ ix. • [×] ) = [a]

_ '

p# t.LX.no )[
a]

yey is
p
"

( y )
.

We have the following short exact sequence :

IT, / 4. yo)
acts on the fiber . YEP

_ '

( y) I > ¥1T,
(Xrco) > Nlp# lthlxiko))) > Decklp) > I

✗1- d(
⇒ d such that

[r] C- IT
,
( 4. yo)

⇒ y • [r] = Jaci ) Dean--x◦ - [xD
where F is the (unique ) lift of4
T starting at 4 . p regular

⇒ Deck (p) I
"

' """
t.cx.ae.]

This action is transitive ( one orbit = F) .

p
: ✗→4 a cover & t.CI/,xo1-- 1

Its stabilizer Ivf ✗◦ c-✗ ) p*(T.IX.no)) ≤ tilhyo) ⇒ Deck(p ) I t.ly,y◦ )

⇒ IF / = [Ti (Yiyo) : p*Tl.(✗ >%)] In this case p is a
"

universal cover
"

.

let a-AX

orbit of at ✗ is G- ◦ se = { gon
: SEG } Y has simply connected covering ↑

stabilizer of see ✗ G-
✗

= { g
:

g.2=2} ⇒ Equilibria classes of covering spaces of 4
Recall the orbits partition ✗ -

l base point preserving corner ) Are bijeutinehy
related to Ghb

groups of it,Hyo)

Deck Transformations : ✗
⇒ ✗

A map D: ✗→ ✗ such classes without bnsepi.int are given byPy↓Pthat pod =p . conjugacy classes of subgroups Thurso)
- Decklp)=Aut(✗/y ) • D-

'

c- Deck (p)
on

' D is always invertible .

- If 7 >ctX Den)=x ⇒ D= :D . G- =Fr(✗ , ,
. . ,dn) HEG index p

⇒ H=Fkpn - p -11 gen )

the number of
↳ / {

gtttigc-G-31-la-i.tl/cosetsDc-Decklp)
,
[✗⇔l4iy◦) , Nfp

_ '

1yd Recall 16-1=16 : 1-1111-11 .

⇒ Dfa . [ a ] ) = ☐ (a) • [x] ✗ semilocakylconhelted.ve/atiuelysim' connected -_

Deck tr ' commute with the action of Tic 4. yo) AF
on the fiber .

the✗ ZUEX open IT ,(rein)=Ei}

The action of a discrete group
G- on a top

'

space
✗ is properly discontinuous ⇔ fat ✗ zu ≤✗ open

✗ has universal ⇔
✗ relatively

cover simply connected

① V-gea-gu.nu#---g--e) /

Lens Space : let 52"
- "

CIC
"

( n≥z)

G-AX prop
'

Disc then for p prime , 3-- e
"""

the primitive
then p : ✗

→ =
orbits with quotient

top pth root of 1 & of , , . . . ,qn EZ ret
'

prime top .

the quotient map p
is a cover then G- = IT >

=

eye:c group of p
elements ≤ 1C

• tf in addition ✗ is simply connected Tilak)IG and we can embed J - diag / 7% , .
. .

. T
" ) ≤ 5

"- '

Til cts
" "

) = < g) .

Normalizers : HCG , NIH) = { y ←G- : MHz
- '
= H }

TD c- Dechlp) Dtxo )=x
Lusteraik - Schnirelmann :

⇔ I [×] E N( ¥1T, /✗ pco)) ,
U = ✗

◦
◦ [✗ ] 5

"

covered by A
, ,

. . -

,
Ant . close sets

⇒ 3- i. Jae n
,
- a c-Ai Circle :

⇔ p# IT , IX.no) =P#Millie) ( one of the closed sets contains
a pair

of antipodal points) . ☒ §
"

t 1- emit
⇒ "' ($

'

> = Deck ( p)
I -2 .

normal
✗

¥1T. (✗ neo ) - 17,14 , yo )
⇔ p is regular

⇔ Deck (p) AF
simply trans'

z
P# (Thain) ✗ c-✗ ]

ranges over all conjugated Vary c- F 3 ! d. c- Decklp)

1- (n)
= y

of p*lT4Xi) C- T:(4. yo



Col Homdogy :

f : ✗
→ 4 a homotopy equiviknce of spaces

Homology is a functor satisfying the Axioms : ⇒ f-
*

& f* are isomorphisms .

IX. A) > L*
Pairs of top

'

spaces avoided abelian group ◦ § ;
Reduced Homology : 1-1*1×1=-17*1×1 ⊕ H*(pt)

A- ≤✗ with morphisms with homomorphisms . Reduced Homology
cts maps f://t.lt/-l4iB)

'

☒Ñ→µfÉÉ
f- (A) ≤ B- ↑ 1-1*1×117) I H*(XIV > pt )

: !
H*&H* fnnutriality j¥1,

mapping one of A -41

f :( ✗ it ) - (4. B) morphism in D

Then H*(f) =f*:H*(✗A) → H*( 4.B) 1covariant)
.
.

→

µ
1-1*11-1 --f* : 1-1*14 B)→ HTX.it) contravariant)

§ ↑ ↑ Mayer - Vietoris : (Xrco) and ✗= ÑUB
,
Not@ÑB)

(f- g)* =f*g* , Hg )*=g*f* Ham - sandwich : & ◦→ o

id*=idH*h ,
id*=idHE, Given n closed subsets of R

" @ : i " -↳Ñ
; ( AnB)

" "* ' #
sH~i( A) ⊕Ñi(B)

¥#
> ti ( X) -9 . _ .

3- a hyperplane cutting each into

✗
or

T.lt follows from the axioms

"°
"" P"

" """""""%
+ I IÑ

A
%

are inclusions

that if f :X→ 4 is a homotopy
Borsuk - 4am :

¥ { £ B

f :S"→R
"

As € / § Exact sequence
equivalence then f*&f* are

⇒ ⇒ a fcns.fi - as
£ AMBA

isomorphisms .

¥¥ñÉEEE
Determining Which Functors:(Axioms) Axiomatic Reduced Homology :
There is more than one functor →b. however we require Fln : Top# > Ate

*

co/homology to satisfy the Eilenberg
- Steenrod Axioms

,
which pointed top spaces

avoided abelian
groups

uniquely determines a functor H* / H* :

① Homotopy :

f- ≈ g.
⇒ f-* = g* (fino)=gcxo)=y◦)• Natural transformation 8 (Boundary map)

we require a map 8 : H # IX.A)→ 1-1*-11 A) = HIA / ∅) ②Additivity : ✗ a 1 > ¥aÑn(Xx)
such that the following commutes V-n≥l tf :(× , A)→ (4. B) ③

Mayer Vietoris (sequence exists)
Hn(× . A) ÷- Hn- _(A) For cohomology reverse the

④ Suspension
: H*( E.✗ ipt) I H*- IX. %)↓f* (8) arrows

Hn (4.B)⇐ Hn -IB ) i. e. s : Hnl A)→ H
"

'(× , A) ⑤ Dimension : Ñn(5) ≈ { Z '
" °

O ,
n ≥ I

•

Homotopy : f. g :( ✗ , A) > (YB ) homotop:c If ≈ g)
For a CW complex : ✗

"
in- ' > ≈ Va 5h⇒

f*=g* , f*=g* over nut's

n skeleton in ×"'

• Excision : U ≤A
open , a- ≤

A° (interior )
Hn(✗

'" '
)

⇒ I :(XIU
, A)U) ↳ IX.A) ( inclusion) s µ

← Quotient maps

induces isomorphism i*iH*(XIU .AM)→ H# IX.A) -

it :H*(× , A)→HHNU.AM) Ñn+
,
/ ✗
"

n ' )
d"
'sÑn( ✗

'"

/✗in.is/dhstTn..( ✗
"

un)

•

long Exact sequence : Recall this means the kernel of fin ( ✗
"

_ , ) ) zCn(×) Hn- il ✗
"" '

I
%"#

each map is the image of the previous map .

≤ z#of
n cells in ✗

Hola) How Holx . A) Hnlx ) = bᵈᵈÑmldn+
,)

Hn
.

=.i¥H
, A)

s
s

degree of attaching map
Hn(TA )# Hnlx )#Hn IX.A) dn( all in ✗ ) = composed with collapses to

s

>

wedge sumahds of ✗
"

in -2)

<
ˢ

/ A.4)↳ ( × , ∅) a→✗
'"↳ ✗

'

in-z,

• • •

• Dimension : H* / point ) = 1-1*1point ) = { E '
H◦

cellular Approx : Given ✗ 44 CW complexes tells us our0
, Hn h > 0 .

& any cts f :X -34 constructions
are independent

• Coprodncts : Both H* & H* preserve arbitrary coproduets ⇒ • f ≈ cellular map of the particular
cell structure

i. e- aX✗ 1- Hn(¥*✗)=L¥HnlX✗) • Any two€a are related } chosen .

by a cellular

(homotopy↳ Hⁿl¥a ✗ a) = aH"lXa) >
✗
' n'
→ y

" ' In


